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THE EXPLICIT EVALUATIONS OF RAMANUJAN’S REMARKABLE PRODUCT
OF THETA-FUNCTIONS am,n
D. J. PRABHAKARAN AND K. RANJITH KUMAR
Abstract. On pages 338 and 339 in his first notebook, Ramanujan defined the remarkable product of
theta-functions am,n. Also he recorded eighteen explicit values depending on two parameters, namely, m,
and n, where these are odd integers. All these values were established by Berndt et al. In this paper, we
initiate to study explicit evaluations of am,n for even values of m. We establish a new general theorems
for the explicit evaluations of am,n involving class invariant of Ramanujan. For this purpose, we establish
several new P-Q mixed modular equations. Using these theorems, we calculate several new explicit values
of am,n for n = 3, 5, 7, 13 and even values of m.
1. Introduction
The following definitions of theta functions [1] ϕ, ψ and f with |q| < 1 are classical:
ϕ(q) = f(q, q) =
∞∑
n=−∞
qn
2
= (−q; q2)2∞(q2; q2)∞,
ψ(q) = f(q, q3) =
∞∑
n=0
q
n(n+1)
2 =
(q2; q2)∞
(q; q2)2∞
,
f(−q) = f(−q,−q2) =
∞∑
n=−∞
(−1)nq n(3n−1)2 = (q; q)∞,
where, (a; q)∞ =
∞∏
n=0
(1− aqn).
Now, we shall recall the definition of modular equation from [1]. The complete elliptic integral of the first
kind K(k) of modulus k is defined by
K(k) =
∫ pi
2
0
dθ√
1− k2 sin2 θ
=
pi
2
∞∑
n=0
(
1
2
)2
n
(n!)2
k2n =
pi
2
ϕ2
(
e−pi
K′
K
)
, (0 < k < 1) (1.1)
and let K ′ = K(k′), where k′ =
√
1− k2 is called the complementary modulus of k. Let K,K ′, L and L′
denote the complete elliptic integrals of the first kind associated with the moduli k, k′, l, and l′ respectively.
Say, if the equality
n
K ′
K
=
L′
L
(1.2)
holds for some positive integer n, then a modular equation of degree n will be the relation between the
moduli k and l which is implied by equation (1.2). Ramanujan defined his modular equation involving α
and β, where α = k2 and β = l2. Then, we considered β as degree n over α.
For q = e−pi
√
n, Weber-Ramanujan class invariants [3, p.183, (1.3)] are defined by
Gn = 2
−1/4q−1/24χ(q) ; gn = 2
−1/4q−1/24χ(−q), (1.3)
Key words and phrases. Modular equation, class invariants, remarkable product of theta-functions.
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where, n is a positive rational number and χ(q) = (−q; q2)∞. By Entry 24(iii)[1, p.39], Gn and gn can be
represented as
Gn =
f(q)
21/4q1/24f(−q2) ; gn =
f(−q)
21/4q1/24f(−q2) . (1.4)
On page 338, in his first notebook [11], Ramanujan defines
am,n =
nq
(n−1)
4 ψ2 (qn)ϕ2
(−q2n)
ψ2 (q)ϕ2 (−q2) , (1.5)
where, q = e−pi
√
m/n and m, n are positive rationals then, on page 338 and 339, he offered a list of
18 particular values. All those 18 values were established by Berndt, Chan and Zhang [4]. Recently,
Prabhakaran and Ranjith Kumar [10] have established a new general formulae for the explicit evaluations
of a3m,3 and am,9 by using P −Q mixed modular equations and the values for certain class invariant of
Ramanujan. Also they have calculated some new explicit values of a3m,3 for m = 2, 7, 13, 17, 25, 37 and
am,9 for m = 17, 37.
Naika and Dharmendra [8] gave alternative form of (1.5) as follows
am,n =
nq
(n−1)
4 ψ2 (−qn)ϕ2 (qn)
ψ2 (−q)ϕ2 (q) . (1.6)
They proved the general theorems to calculate explicit values of am,n. Closely associated with am,n, which
is the parameter bm,n introduced by Naika et al [9] and it is defined as
bm,n =
nq
(n−1)
4 ψ2 (qn)ϕ2 (−qn)
ψ2 (q)ϕ2 (−q) . (1.7)
Also, they established general formulas for explicit evaluations of bm,n by using various degrees of modular
equations, along with class invariant gn. Furthermore, they computed particular values of bm,n.
The organisation of the present study is as follows. In section 2, we collect some identities which will be
used to prove the main results. Then in section 3, we establish several new P−Qmixed modular equations.
Applying these modular equations, we establish the general theorems for the explicit evaluations of the
Ramanujan’s remarkable product of theta functions along with class invariant gn. Finally, explicit values
of am,n for n = 3, 5, 7, 13 and several even values of m have been evaluated, which are presented in Section
4.
2. Preliminaries
In this section, we have listed some lemmas which play a vital role in establishing the main results of
the present study.
Lemma 2.1. [1, Entry 24(iii) p. 39] We have
f(q)f(−q2) = ψ(−q)ϕ(q). (2.1)
Lemma 2.2. [1, Entry 8(iii), (iv) p. 376] We have
m =
(
β
α
)1/4
+
(
1− β
1− α
)1/4
−
(
β(1 − β)
α(1 − α)
)1/4
− 4
(
β(1− β)
α(1− α)
)1/6
, (2.2)
and
13
m
=
(
α
β
)1/4
+
(
1− α
1− β
)1/4
−
(
α(1 − α)
β(1 − β)
)1/4
− 4
(
α(1− α)
β(1− β)
)1/6
. (2.3)
Lemma 2.3. [2, Entries 51, 53, 55, 57 p. 204, 206, 209, 211] We have
(i) If P =
f2(−q)
q1/6f2(−q3) and Q =
f2(−q2)
q1/3f2(−q6) , then,
PQ+
9
PQ
=
(
P
Q
)3
+
(
Q
P
)3
. (2.4)
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(ii) If P =
f(−q)
q1/6f(−q5) and Q =
f(−q2)
q1/3f(−q10) , then,
PQ+
5
PQ
=
(
P
Q
)3
+
(
Q
P
)3
. (2.5)
(iii) If P =
f2(−q)
q1/2f2(−q7) and Q =
f2(−q2)
qf2(−q14) , then,
PQ+
49
PQ
=
(
P
Q
)3
+
(
Q
P
)3
− 8
(
P
Q
+
Q
P
)
. (2.6)
(iv) If P =
f(−q)
q1/2f(−q13) and Q =
f(−q2)
qf(−q26) , then,
PQ+
13
PQ
=
(
P
Q
)3
+
(
Q
P
)3
− 4
(
P
Q
+
Q
P
)
. (2.7)
Lemma 2.4. [14, Theorems 3.2.4, 3.2.6, 3.2.7, 3.5.2] We have
(i) If P =
f(−q)
q1/24f(−q2) and Q =
f(−q3)
q1/8f(−q6) , then,
(PQ)
3
+
(
2
PQ
)3
=
(
Q
P
)6
−
(
P
Q
)6
. (2.8)
(ii) If P =
f(−q)
q1/24f(−q2) and Q =
f(−q5)
q5/24f(−q10) , then,
(PQ)
2
+
(
2
PQ
)2
=
(
Q
P
)3
−
(
P
Q
)3
. (2.9)
(iii) If P =
f(−q)
q1/24f(−q2) and Q =
f(−q7)
q7/24f(−q14) , then,
(PQ)
3
+
(
2
PQ
)3
=
(
P
Q
)4
+
(
Q
P
)4
− 7. (2.10)
(iv) If P =
f(−q)
q1/8f(−q4) and Q =
f(−q3)
q3/8f(−q12) , then,
PQ+
4
PQ
=
(
P
Q
)2
+
(
Q
P
)2
. (2.11)
Lemma 2.5. [12, Theorems 2.1, 2.2, 2.3(i)] We have
(i) If P =
f(−q)f(−q3)
q
1
6 f(−q2)f(−q6) and Q =
f(−q2)f(−q6)
q
1
3 f(−q4)f(−q12) , then,
Q4 − P 4Q2 − 4P 2 = 0. (2.12)
(ii) If P =
f(−q)f(−q5)
q
1
4 f(−q2)f(−q10) and Q =
f(−q2)f(−q10)
q
1
2 f(−q4)f(−q20) , then,
Q8 − P 8Q4 − 8(PQ)4 − 16P 4 = 0. (2.13)
(iii) If P =
f(−q)f(−q7)
q
1
3 f(−q2)f(−q14) and Q =
f(−q2)f(−q14)
q
2
3 f(−q4)f(−q28) , then,
Q2 − P 2Q− 2P = 0. (2.14)
Lemma 2.6. [13, (2.33) and (2.51)] We have
4 D. J. PRABHAKARAN AND K. RANJITH KUMAR
(i) If P =
q1/6f(−q)f(−q10)
f(−q2)f(−q5) and Q =
q1/3f(−q2)f(−q20)
f(−q4)f(−q10) , then,
(
1
PQ
+ PQ
)2
=
(
1
PQ
+ PQ
)((
P
Q
)3
+
(
Q
P
)3)
+ 4. (2.15)
(ii) If P =
q1/4f(−q)f(−q14)
f(−q2)f(−q7) and Q =
q1/2f(−q2)f(−q28)
f(−q4)f(−q14) , then,((
1
PQ
)4
+ (PQ)
4
)
+ 8
((
P
Q
)4
+
(
Q
P
)4)
=
((
1
PQ
)2
+ (PQ)
2
)((
P
Q
)6
+
(
Q
P
)6
+8
(
P
Q
)2
+ 8
(
Q
P
)2)
− 18. (2.16)
3. New P −Q mixed modular equations
In this section, we establish several new P −Q mixed modular equations.
Theorem 3.1. If P =
q1/2f(−q)f(−q26)
f(−q2)f(−q13) and Q =
qf(−q2)f(−q52)
f(−q4)f(−q26) , then,
(
PQ+
1
PQ
)2
=
(
PQ+
1
PQ
)((
P
Q
+
Q
P
)3
+
(
P
Q
+
Q
P
))
− 4
(
P
Q
+
Q
P
)2
+ 4. (3.1)
Proof. Let
R =
q1/2χ(q)
χ(q13)
; K =
q1/2χ(−q2)
χ(−q26) .
Transcribing R and Q using Entry 12(v) and (vii) of Chapter 17[1, p.124] and simplifying, we arrive at
RK =
(
β
α
)1/8
;
R2
K
=
(
1− β
1− α
)1/8
. (3.2)
Employing (3.2) in (2.2), (2.3) and then eliminate m, we deduce that
K2R8 +K6R6 − 4K4R6 + 4K2R6 −R6 + 4K6R4 − 6K4R4 + 4K2R4 −K8R2
+4K6R2 − 4K4R2 +K2R2 +K6 = 0
Dividing the aforementioned equation by R4K4 and rearranging the terms, then replacing q by −q and
employing Entry 24(iii) of Chapter 16[1, p.39], the desired result was obtained. 
Theorem 3.2. If P =
f(−q)f(−q4)
q5/2f(−q13)f(−q52) and Q =
f(−q2)f(−q2)
q2f(−q26)f(−q26) , then,
(
PQ+
169
PQ
)2
=
(
PQ+
169
PQ
)((
P
Q
+
Q
P
)9
−
(
P
Q
+
Q
P
)7
− 21
(
P
Q
+
Q
P
)5
+ 35
(
P
Q
+
Q
P
)3
+30
(
P
Q
+
Q
P
))
−
(
P
Q
+
Q
P
)12
− 4
(
P
Q
+
Q
P
)10
+ 26
(
P
Q
+
Q
P
)8
− 89
(
P
Q
+
Q
P
)6
+829
(
P
Q
+
Q
P
)4
− 1821
(
P
Q
+
Q
P
)2
+ 576. (3.3)
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Proof. Replacing q by q2 in (2.7), we obtain that(
f(−q2)f(−q4)
q3f(−q26)f(−q52)
)
+ 13
(
q3f(−q26)f(−q52)
f(−q2)f(−q4)
)
=
(
qf(−q2)f(−q52)
f(−q4)f(−q26) +
f(−q4)f(−q26)
qf(−q2)f(−q52)
)3
−7
(
qf(−q2)f(−q52)
f(−q4)f(−q26) +
f(−q4)f(−q26)
qf(−q2)f(−q52)
)
.(3.4)
Now multiplying (2.7) with (3.4), after further simplification, we deduce that
PQ+
169
PQ
= x3 − 4
(
P
Q
+
Q
P
)
x2 − 4
(
P
Q
+
Q
P
)2
x+ 8x+
(
P
Q
+
Q
P
)3
+ 21
(
P
Q
+
Q
P
)
, (3.5)
where, x =
q
3
2 f(−q)f(−q52)
f(−q4)f(−q13) +
f(−q4)f(−q13)
q
3
2 f(−q)f(−q52) .
Solving (3.1) for x and choosing the appropriate root, we have
x =
u3 + u+
√
u6 + 2u4 − 15u2 − 16
2
, (3.6)
where, u = P/Q+Q/P . Employing (3.6) in (3.5), after a straightforward, lengthly calculation, we arrive
at desire result. 
Theorem 3.3. If P =
f(−q)f(−q4)
q5/4f(−q7)f(−q28) and Q =
f(−q2)f(−q2)
qf(−q14)f(−q14) , then,(
(PQ)2 +
(
49
PQ
)2)2
=
(
(PQ)2 +
(
49
PQ
)2)
((
P
Q
)2
+
(
Q
P
)2)9
+ 7
((
P
Q
)2
+
(
Q
P
)2)7
−37
((
P
Q
)2
+
(
Q
P
)2)5
− 77
((
P
Q
)2
+
(
Q
P
)2)3
+ 294
((
P
Q
)2
+
(
Q
P
)2)
−
((
P
Q
)2
+
(
Q
P
)2)12
− 20
((
P
Q
)2
+
(
Q
P
)2)10
− 86
((
P
Q
)2
+
(
Q
P
)2)8
+16317
((
P
Q
)2
+
(
Q
P
)2)4
− 2065
((
P
Q
)2
+
(
Q
P
)2)6
−22981
((
P
Q
)2
+
(
Q
P
)2)2
. (3.7)
Proof. The proof our theorem can be obtained by (2.6) and (2.16). Since the proof is analogous to the
aforementioned theorem, and so we omit the details. 
Theorem 3.4. If P =
f(−q)f(−q4)
q5/6f(−q5)f(−q20) and Q =
f(−q2)f(−q2)
q2/3f(−q10)f(−q10) , then,
(
PQ+
25
PQ
)2
=
(
PQ+
25
PQ
)((P
Q
)3
+
(
Q
P
)3)3
+ 6
((
P
Q
)3
+
(
Q
P
)3)−
((
P
Q
)3
+
(
Q
P
)3)4
−37
((
P
Q
)3
+
(
Q
P
)3)2
+ 64. (3.8)
Proof. The proof our theorem can be obtained by (2.5) and (2.15). Since the proof is analogous to Theorem
3.2, and so we omit the details. 
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Theorem 3.5. If P =
f(−q)f(−q2)
q1/4f(−q3)f(−q6) and Q =
f(−q2)f(−q4)
q1/2f(−q6)f(−q12) , then,(
(PQ)2 +
(
9
PQ
)2)((
P
Q
)2
+
(
Q
P
)2)
=
((
P
Q
)2
+
(
Q
P
)2)4
−11
((
P
Q
)2
+
(
Q
P
)2)2
− 8. (3.9)
Proof. The following equations can be obtained from (2.4), we have
P 2 +
9
P 2
=
(
q1/12f(−q)f(−q6)
f(−q2)f(−q3)
)6
+
(
f(−q2)f(−q3)
q1/12f(−q)f(−q6)
)6
(3.10)
Q2 +
9
Q2
=
(
q1/6f(−q2)f(−q12)
f(−q4)f(−q6)
)6
+
(
f(−q4)f(−q6)
q1/6f(−q2)f(−q12)
)6
(3.11)
Now, multiplying (3.10) with (3.11), we deduce that
y6 +
1
y6
= (PQ)
2
+
(
9
PQ
)2
+ 9
(
P
Q
)2
+ 9
(
Q
P
)2
−
(
P
Q
)6
−
(
Q
P
)6
, (3.12)
where, y =
f(−q)f(−q4)f(−q6)f(−q6)
q1/12f(−q2)f(−q2)f(−q3)f(−q12) .
Similarly, the following equation can be obtained by (2.8) and (2.12), we obtain that
y6 +
1
y6
=
(
P
Q
)6
+
(
Q
P
)6
− z3 + 4z − 8z−1 (3.13)
where, z =
(
f(−q2)f(−q2)f(−q6)f(−q6)
q1/6f(−q)f(−q4)f(−q3)f(−q12)
)3
.
Employing (2.11) in (2.12), we deduce that
z =
(
P
Q
)2
+
(
Q
P
)2
. (3.14)
When combining (3.12), (3.13), and (3.14), we arrive at the desired result. 
Remark 3.1. The alternative proof of the above theorem can be found in [6].
Theorem 3.6. If P =
f(−q)
q1/24f(−q2) and Q =
f(−q13)
q13/24f(−q26) , then,
(PQ)
6
+
(
2
PQ
)6
=
(
Q
P
)7
−
(
P
Q
)7
− 13
((
Q
P
)5
−
(
P
Q
)5)
+ 52
((
Q
P
)3
−
(
P
Q
)3)
− 78
(
Q
P
− P
Q
)
.
Proof. Transcribing Entry 41(ii) of Chapter 36 [3, p.378] by employing Entries 12(i),(iii) of Chapter 17 [1,
p.124], and then changing q to −q, we can obtain the desired result. 
4. Explicit evaluations of am,n.
In this section, we establish new general theorems for the explicit evaluations of Ramanujan’s remarkable
product of theta functions am,n for n = 3, 5, 7, 13, and even values of m. On applying these theorems, we
compute several explicit evaluations of am,n.
Theorem 4.1. If m is any positive rational, and
Λ =
(√
2g3mgm/3
)3
,
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then,
am,3
b4m,3
− b4m,3
am,3
= Λ, (4.1)
1
am,3b4m,3
− am,3b4m,3 = 1
9
(
Λ4 + 11Λ2 − 8
Λ
)
. (4.2)
Proof. Applying (2.1) in (1.6) and (1.7), we deduce that√
n
am,n
=
f(q)f(−q2)
q(n−1)/8f(qn)f(−q2n) ;
√
n
bm,n
=
f(−q)f(−q2)
q(n−1)/8f(−qn)f(−q2n) . (4.3)
Combining Entry 24(iii) and 24(iv)[1, p.39], we obtain that
f(q)
f(−q2) =
f(−q2)f(−q2)
f(−q)f(−q4) . (4.4)
Now, employing (4.4) in (3.14) and replaceing q by −q after that applying (1.4) and (4.3) with n = 3 and
q = e−pi
√
m/3, we arrive at (4.1). Similarly, from (3.9), we arrive at (4.2). 
Corollary 4.1. We have
a2,3 =
(√
2− 1
)(√
3 +
√
2
)1/2
,
a4,3 =
(√
2 + 1
)(√3− 1√
2
)5/2
,
a8,3 =
(√
2− 1
)3/2 (√
3−
√
2
)5/4 (√√
3 + 2 +
√√
3 + 1
)
.
Proof. Letting m = 2, g6g2/3 = 1 by Corollary 2.2.4 [14] and employing the value in (4.1) and (4.2), then
solving quadratic equations and choosing the appropriate root, we obtain a2,3. Now, applying (1.4) in
(2.12), we obtain that
(g4ng36n)
4 − 2 (g4ng36n)2 (gng9n)4 − 2 (gng9n)2 = 0. (4.5)
Applying n = 1/3 in (4.5) and employing the relation g3g1/3 =
(
g12g4/3
)−1
, it can be obtained by Corollary
2.2.4 [14], then, we deduce the following
g12g4/3 = 2
1/3, and also Λ = 4
√
2. (4.6)
By applying (4.1) and (4.2) with m = 4, then, we have a4,3. The explicit values of g24g8/3 can be
evaluated by (4.5) with n = 2/3 . As the proof of a8,3 being similar to the proof of the a4,3. So we omit
the details. 
Corollary 4.2. We have
a10,3 =
(√
2− 1
)2 (√
6 +
√
5
)1/2(√3 + 1√
2
)(√
5− 1
2
)3
.
Proof. Employing (1.4) in (2.8) with q = e−pi
√
n/3, we deduce that
2
√
2
((
g3ngn/3
)3
+
(
g3ngn/3
)−3)
=
(
g3n
gn/3
)6
−
(
gn/3
g3n
)6
. (4.7)
From the table in Chapter 34 of Ramanujans notebooks [3, p.200], we have
g30 =
(√
5 + 2
)1/6 (√
10 + 3
)1/6
. (4.8)
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Using (4.8) in (4.7) with n = 10, we verify that
g10/3 =
(√
5− 2
)1/6 (√
10 + 3
)1/6
. (4.9)
Employing (4.8) and (4.9) in (4.1), then solving quadratic equation, and choosing the appropriate root,
we deduce that
a10,3
b40,3
= 2
√
5 + 3
√
2 +
√
39 + 12
√
10. (4.10)
By (9.5) [1, p.284], we have √
39 + 12
√
10 =
√
15 + 2
√
6. (4.11)
From (4.2), the following equation is obtained
1
a10,3b40,3
− a10,3b40,3 = 136
√
10 + 432√
2
. (4.12)
Solving (4.12) and choosing the convenient root, we deduce that
a10,3b40,3 =
(√
2− 1
)4(√5− 1
2
)6
. (4.13)
Combining (4.10), (4.11), and (4.13), we arrive at the desired result. 
Corollary 4.3. We have
a6,3 =
1
3
(√
3−
√
2
)(√
2 + 1
)1/2(√3 + 1√
2
)
,
a14,3 =
(√
2 + 1
)(√
3−
√
2
)2 (√
8−
√
7
)(√
7 +
√
6
)1/2
,
a26,3 =
(√
2− 1
)4 (√
3 +
√
2
)(√
26− 5
)(
3
√
3 +
√
26
)1/2
,
a34,3 =
(√
2− 1
)3 (√
17− 4
)2 (√
51 + 5
√
2
)1/2(√3 + 1√
2
)2
.
Proof. Employing class invariant for m = 2, 18, 42, 78, and 102 [3, p.200-202] in Theorem 4.1, we obtain
all the those values mentioned. Since the proof is analogous to the previous corollary, and so we omit the
details. 
Remark 4.1. The different proof of a2,3 and a6,3 can be found in [6] and [10] respectively.
Theorem 4.2. If m is any positive rational, and
Λ =
(
g5m
gm/5
)3
,
then, (√
am,5
b4m,5
−
√
b4m,5
am,5
)2
=
(√
am,5
b4m,5
−
√
b4m,5
am,5
)(
Λ− 1
Λ
)
− 4,
25
(
1√
am,5b4m,5
−
√
am,5b4m,5
)2
= 5
(
1√
am,5b4m,5
−
√
am,5b4m,5
)((
Λ − 1
Λ
)3
− 6
(
Λ − 1
Λ
))
+
(
Λ− 1
Λ
)4
− 37
(
Λ− 1
Λ
)2
− 64.
THE EXPLICIT EVALUATIONS OF RAMANUJAN’S REMARKABLE PRODUCT OF THETA-FUNCTIONS am,n 9
Proof. The proof of theorem can be obtained by (2.15) and (3.8) with n = 5 and q = e−pi
√
m/5. Since the
proof is analogous to Theorem 4.1, and so, we omit the details. 
Corollary 4.4. We have
a2,5 =
(√
2 + 1
)(√5− 1
2
)3
,
a4,5 =
(√
2 + 1
)1/2 (√
10 + 3
)1/2
√
45
√
5 + 103
4
−
√
45
√
5 + 99
4

 ,
a6,5 =
(√
2− 1
)2 (√
10− 3
)(√3 + 1√
2
)(√
5 +
√
3√
2
)
,
a8,5 =
(√
2− 1
)5/2(√5− 1
2
)9/2(√
2
√
10 + 7 +
√
2
√
10 + 6
)
,
a14,5 =
(√
2− 1
)3 (√
10− 3
)2(3 +√7√
2
)(√
7 +
√
5√
2
)
,
a26,5 =
(√
2 + 1
)2 (√
10 + 3
)(√
65− 8
)2(√13− 3
2
)2
,
a38,5 =
(√
2− 1
)8 (
2
√
5 + 19
)(√
19 + 3
√
2
)(√5− 1
2
)9
.
Proof. The aforementioned values can be obtained by Theorem 4.2, (2.13), (2.9), and the explicit values
of gn for n = 30, 70, 130, and 190 [3, p.200-203]. Since the proof is analogous to the Corollary 4.1, and
Corollary 4.2 and so, we omit the details. 
Remark 4.2. The alternative proof of a2,5 can be found in [7].
Theorem 4.3. If m is any positive rational, and
Λ =
(
g7m
gm/7
)2
,
then,
(
am,7
b4m,7
− b4m,7
am,7
)2
=
(
am,7
b4m,7
− b4m,7
am,7
)((
Λ− 1
Λ
)3
− 5
(
Λ− 1
Λ
))
− 8
(
Λ− 1
Λ
)2
,
2401
(
1
am,7b4m,7
− am,7b4m,7
)2
= 49
(
1
am,7b4m,7
− am,7b4m,7
)((
Λ− 1
Λ
)9
− 7
(
Λ− 1
Λ
)7
− 37
(
Λ− 1
Λ
)5
+77
(
Λ− 1
Λ
)3
+ 294
(
Λ− 1
Λ
))
+
(
Λ− 1
Λ
)12
− 20
(
Λ− 1
Λ
)10
+86
(
Λ− 1
Λ
)8
− 2065
(
Λ− 1
Λ
)6
− 16317
(
Λ− 1
Λ
)4
− 22981
(
Λ − 1
Λ
)2
.
Proof. The proof of theorem can be obtained by (2.16), and (3.7) with n = 7 and q = e−pi
√
m/7. Since the
proof is analogous to Theorem 4.1, and so, we omit the details. 
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Corollary 4.5. We have
a2,7 =
(√
8 +
√
7
)1/4(3 +√7√
2
)1/2
√√
2 + 3
2
−
√√
2 + 1
2


2
,
a4,7 =
(√
8 +
√
7
)(3−√7√
2
)5/2
,
a6,7 =
(√
3−
√
2
)2 (
2
√
7− 3
√
3
)(√
7 +
√
6
)1/2(√3 + 1√
2
)2
,
a10,7 =
(√
10− 3
)2 (
3
√
14 + 5
√
5
)1/2(√7 +√5√
2
)(√
5− 1
2
)6
.
Proof. The aforementioned values can be obtained by Theorem 4.3, (2.14), (2.10), Lemma 9.11 [3, p.292],
and the explicit values of gn for n = 42, and 70 [3, p.201]. Since the proof is analogous to the Corollary
4.1, and Corollary 4.2 and so, we omit the details. 
Theorem 4.4. If m is any positive rational, and
Λ =
g13m
gm/13
,
then, (√
am,13
b4m,13
−
√
b4m,13
am,13
)2
=
(√
am,13
b4m,13
−
√
b4m,13
am,13
)((
Λ− 1
Λ
)3
−
(
Λ− 1
Λ
))
−4
(
Λ − 1
Λ
)2
− 4, (4.14)
169
(
1√
am,13b4m,13
−
√
am,13b4m,13
)2
= 13
(
1√
am,13b4m,13
−
√
am,13b4m,13
)((
Λ− 1
Λ
)9
+
(
Λ− 1
Λ
)7
− 21
(
Λ − 1
Λ
)5
− 35
(
Λ− 1
Λ
)3
+ 30
(
Λ − 1
Λ
))
+
(
Λ− 1
Λ
)12
− 4
(
Λ− 1
Λ
)10
− 26
(
Λ− 1
Λ
)8
− 89
(
Λ− 1
Λ
)6
−829
(
Λ − 1
Λ
)4
− 1821
(
Λ− 1
Λ
)2
− 576. (4.15)
Proof. The proof of the theorem can be obtained by (3.1) and (3.3) with n = 13 and q = e−pi
√
m/13. Since
the proof is analogous to Theorem 4.1, and so, we omit the details. 
Corollary 4.6. We have
a6,13 =
(√
3 +
√
2
)(√
13 + 2
√
3
)(√
2− 1
)4(√13− 3
2
)3
.
Proof. Employing (1.4) in Theorem 3.6, we can deduce, after simplification,
8
((
g13ngn/13
)6
+
(
g13ngn/13
)−6)
=
(
g13n
gn/13
− gn/13
g13n
)7
− 6
(
g13n
gn/13
− gn/13
g13n
)5
+
(
g13n
gn/13
− gn/13
g13n
)3
+20
(
g13n
gn/13
− gn/13
g13n
)
(4.16)
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From the table in Chapter 34 of Ramanujans notebooks [3, p.202],
g78 =
(√
26 + 5
)1/6(√13 + 3
2
)1/2
. (4.17)
Using (4.17) in (4.16) with n = 6, we find that
g6/13 =
(√
26 + 5
)1/6(√13− 3
2
)1/2
. (4.18)
Employing (4.17) and (4.18) in (4.14), with m = 6, then solving quadratic equation and choosing the
appropriate root, we deduce that√
a6,13
b24,13
=
(√
3 +
√
2
)(√
13 + 2
√
3
)
. (4.19)
By (4.15), we obtain that
√
a6,13b24,13 =
(√
2− 1
)4(√13− 3
2
)3
. (4.20)
Combining (4.19), and (4.20), we arrive at the desired result. 
Corollary 4.7. We have
a10,13 =
(√
26 + 5
)(√
2 + 1
)2 (√
65− 8
)2(√5− 1
2
)9
Proof. Employing the explicit value of g130 [3, p.203] in Theorem 4.4 with m = 10, we obtain desired
result. Since the proof is analogous to the previous corollary, and so we omit the details. 
We conclude the present work with some remarks. The mixed modular equations in theorems 3.1 - 3.5,
we can be obtain general theorems for the explicit evaluations of bm,n and b4m,n involving class invariant
Gn. Ramanujan recorded enormous explicit values of Gn for odd values of n and gn for even values of n
[3, p. 189-204]. We utilize the values of Gn to calculate several explicit values of bm,n, for m and n are
odd. On application of these values, we can calculate several explicit values of gn for odd value of n by
using the some identities. These identities can be found in [9]. Finally, we conclude that only a few works
[5, 14] computed gn for odd value of n.
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